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Using exact diagonalization in the disc geometry we predict a novel even-odd effect in the Coulomb
blockade spectra of vertically coupled double quantum dots under an external magnetic field. The
even-odd effect in the tunneling conductance is a direct manifestation of spontaneous interlayer phase
coherence, and is similar to the even-odd resonance in the Cooper pair box problem in mesoscopic
superconducting grains. Coherent fluctuations in the number of Cooper pairs in superconductors is
analogous to the fluctuations in the relative number difference between the two layers in quantum
Hall droplets.
PACS numbers:
It is now well accepted [1] that a bilayer quantum Hall
system may spontaneously develop interaction-induced
interlayer phase coherence with an associated Goldstone
mode. Such an interlayer coherent state is akin to an ex-
citonic condensate, being qualitatively similar to a neu-
tral superfluid ground state. Pioneering experiments [2]
by Eisenstein and collaborators have firmly established
the physical reality of such an interlayer coherent phase
in high-mobility bilayer GaAs heterostructures around a
total Landau level filling factor of unity (νT = 1). One
of the most spectacular experimental demonstrations of
the superfluidity of this spontaneous coherent phase has
been the observation [2] of a very sharp interlayer tun-
neling peak which has been interpreted by some (but not
all) as the direct analog of the Josephson effect [1].
Given the considerable significance of the spontaneous
quantum Hall interlayer phase coherence as a novel
correlation-induced collective phenomenon, it is impor-
tant to envisage alternative non-trivial properties of the
coherent state which have direct analogies to supercon-
ducting systems. In this Letter, we theoretically study
one such property, namely the precise analogy between
bilayer coherent quantum Hall droplets and the “Cooper
pair box” problem in small superconducting grains stud-
ied in a series of seminal experiments [3] by Nakamura
and collaborators. Our theoretical results presented in
this paper shows convincingly that bilayer quantum Hall
quantum dot systems could spontaneously (i.e. in the
absence of any interlayer tunneling) develop interlayer
coherence leading to coherent fluctuations in the num-
ber of electrons in each dot (with the total number of
electrons in the double dot system being fixed), which in
turn will give rise to an experimentally observable even-
odd effect analogous to the even-odd resonance (and the
corresponding Rabi oscillations) reported in the Cooper
pair box experiment [3]. Our predicted even-odd effect
in the bilayer quantum Hall quantum dot system has the
obvious additional exciting prospect of providing a robust
quantum two-level system with the interesting potential
of serving as a qubit in a novel quantum-Hall-quantum-
dot quantum computer architecture [4], which is funda-
mentally different from electron-spin-based quantum dot
qubits currently being studied in the literature [5].
The system of interest is the so-called vertically-
coupled double dot system [6] in a strong, external mag-
netic field so that the double-dot system is effectively
equivalent to a finite bilayer quantum Hall droplet. We
also assume that the electron number in each dot can be
precisely controlled as has been demonstrated. In par-
ticular, we consider the system to have an odd number
of electrons, which, to be specific, we take to be 7 with-
out any loss of generality (any other small odd number
of electrons such as 5, 9, 11, 13, etc. does not make any
difference in our analysis). Due to the large capacitive
energy associated with interlayer charge imbalance, the
ground state of the system (without any external bias
voltages and interlayer tunneling) has double degener-
acy: the state with 4 (3) electrons in the top (bottom)
layer has exactly the same energy as the state with 3 (4)
electrons in the top (bottom) layer. We denote these two
degenerate ground states as |4, 3〉 and |3, 4〉, respectively.
For a range of magnetic fields the two degenerate
ground states, |4, 3〉 and |3, 4〉, are separated from the
excitation spectrum by an energy gap. This is so be-
cause the Coulomb interaction energy has a cusp at a
particular configuration of states which is usually known
as the maximum density droplet (MDD) state [7]. It is
important to note that the MDD state in our system is
the mesoscopic droplet realization of the bulk bilayer co-
herent state at νT = 1. The above two MDD states,
|4, 3〉 and |3, 4〉, compose our two level system for the fi-
nite droplet similar to the corresponding Cooper pair box
situation.
We begin our quantitative analysis by considering the
Hamiltonian for electrons subject to a uniform magnetic
field and a parabolic confining potential. In the Fock-
Darwin basis, the many-body Hamiltonian for the bilayer
quantum dot system can be written as:
H = H0 + PˆVCoulPˆ +Ht (1)
1
where H0 =
1
2
(√
ω2c + 4ω
2
0 − ωc
)
Lˆz, with Lˆz being
the total angular momentum in z-direction. Also, ωc
is the cyclotron frequency and ω0 parameterizes the
parabolic confining potential. Pˆ is the lowest Landau
level (LLL) projection operator and VCoul represents the
usual Coulomb interaction between electrons:
VCoul
e2/ǫa
=
∑
i<j∈↑
1
rij
+
∑
k<l∈↓
1
rkl
+
∑
i∈↑,k∈↓
1√
r2ik + (
d
a )
2
, (2)
where d is the interlayer spacing, ǫ is the GaAs dielec-
tric constant, and rij is the lateral separation between
the i-th and j-th electron. The natural length unit is the
modified magnetic length a = lB(1 + 4ω
2
0/ω
2
c )
−1/4 which
reduces to the planar magnetic length, lB =
√
~c/eB,
when the cyclotron energy is much larger than the con-
fining potential energy. In the above we have used a
pseudo-spin representation to describe the double layer
system: ↑ and ↓ distinguish different layers. In general
we define the pseudo-spin operator:
S ≡
1
2
∑
m
c†a(m)~σabcb(m), (3)
where Sˆz measures the electron number difference be-
tween layers, and Sˆx is associated with interlayer tun-
neling. We take the real spin to be fully polarized ei-
ther because of the large Zeeman coupling or because of
electron-electron repulsion , i.e. Hund’s rule.
The tunneling Hamiltonian Ht in the Eq.(1) can be
written as:
Ht = −
t
2
∑
m
c†a(m)σ
x
abcb(m) ≡ −tSˆx (4)
where σ is the usual Pauli matrix, t is the single particle
interlayer tunneling gap, and m denotes the LLL angular
momentum quantum number. Eq.(4) is valid for general
t. However, we are interested in the limit of zero inter-
layer tunneling, i.e. t/(e2/ǫa)→ 0, which is appropriate
when considering spontaneous interlayer coherence (note
that the t → 0 limit is not the same as the t = 0 situa-
tion).
We now analyze the Hamiltonian in Eq.(1) via ex-
act diagonalization of finite size systems in the limit of
zero tunneling. In this limit, the Hamiltonian is invari-
ant with respect to layer exchange and spatial rotations,
i.e. [VCoul, Sˆz ] = 0 and [VCoul, Lˆz] = 0. We may there-
fore restrict the Hilbert space to specific Sz and Mz sec-
tors, where Sz and Mz are the eigenvalues of Sˆz and
Lˆz, respectively. We diagonalize the Coulomb interac-
tion in the basis of LLL single-particle eigenstates. [8].
In particular, we focus our attention on the part of the
Hilbert space containing the MDD state which occurs
at Mz = N(N − 1)/2, where N is the total number of
particles.
Fig.1 shows the eigenenergy spectrum of the Coulomb
interaction as a function of Sz for a 7 electron system with
d/a = 1 and Mz = 21. Due to the direct electrostatic
contribution of the Coulomb interaction, the lowest en-
ergy state is obtained for states with the smallest charge
imbalance between layers, i.e. Sz = +1/2 (|4, 3〉) and
−1/2 (|3, 4〉). In fact, this electrostatic contribution may
be viewed as the relative charging energy between lay-
ers. As expected, the ground states located at Sz = 1/2
and −1/2 are separated from the lowest energy states of
higher |Sz| by the relative charging energy cost:
V directCoul =
α
N
Sˆ2z , (5)
where we find α/(e2/ǫa) ≃ −0.18+0.35d/a for d/a & 0.5.
In particular, the lowest energy state of Sz = ±1/2 is
separated from that of Sz = ±3/2 by an energy gap of
roughly 0.05 e2/ǫa. Therefore, as far as excitations lower
than this charging energy cost are concerned, we can re-
strict our attention to the Hilbert space of Sz = ±1/2.
Note that the energy spectra of the Sz = 1/2 and −1/2
states are identical because of reflection symmetry be-
tween layers. Also, it is important to remember that the
relative charging energy, V directCoul , is inversely proportional
to the number of electrons. Therefore, for large N , mix-
ing between states with different Sz becomes appeciable,
in which case our two-level system is ill-defined.
Fig.2 shows the energy spectrum in the Sz = 1/2
Hilbert space as a function ofMz for 7 electrons at d/a =
1. The energy in the graph is the sum of the Coulomb
interaction energy and the confining potential energy:
E = VCoul + γMz where γ =
~
2
(√
ω2c + 4ω
2
0 − ωc
)
. By
choosing γ = 0.1187e2/ǫa we obtain the maximum gap.
The MDD state is separated from the edge excitation
(∆Mz = +1) and the internal excitation (∆Mz = −1) by
roughly 0.05e2/ǫa at the interlayer separation d/a = 1.
Also, the ∆Mz = 0 excitation is shown to have an energy
gap roughly equal to 0.07e2/ǫa at d/a = 1. Fig.3 plots
the lowest energy gaps as a function of d/a. As seen from
the graph, the energy gap is well developed for d/a . 1.
We conclude that the MDD state is stabilized in a suit-
able range of magnetic fields and interlayer distances for
small system sizes.
Now that the two degenerate ground states, |Sz =
+1/2〉 and |Sz = −1/2〉, are shown to be well separated
from other excitations in the limit of zero tunneling, we
can reduce the whole Hilbert space into the Hilbert space
composed of only these two states. In this limit, the re-
duced Hamiltonian is written as:
Hred = −∆xσx +∆zσz , (6)
where σx and σz are the usual Pauli matrices. In the
limit of a small single-particle tunneling gap t, ∆x =
t〈+1/2|Sˆx| − 1/2〉. Also, ∆z is the relative bias volt-
age between layers. ∆x is the renormalized tunneling
2
gap which is greatly enhanced from the single-particle
tunneling gap, t, by the Coulomb interaction. In other
words, ∆x/t is the natural order parameter quantifying
spontaneous coherence in bilayer quantum Hall systems.
The precise definition of spontaneous phase coherence in
our quantum dot system is given by:
lim
t→0
∆x
t
= lim
t→0
〈+1/2|Sˆx| − 1/2〉 6= 0. (7)
Fig.4 shows ∆x/t for a 7 particle system as a function
of d/a. We see that the interaction-induced coherence
effect is sizable for d/a . 1. It is important to note that
∆x increases with system size, more precisely: ∆x ≃
t
2
(N + 1) for small d/a.
We have established that the bilayer quantum Hall
droplet is a natural two level system with intrinsic co-
herence. Now we predict the even-odd effect in tunneling
conductance, which can be used for experimental confir-
mation of coherence. Tunneling conductance measure-
ments in quantum dot systems in the Coulomb-blockade
regime find conductance peaks when the gate voltage Vg
is tuned so that the total energy of the N electron system
becomes identical to that of the N + 1 electron system.
The total energy of the bilayer quantum Hall quantum
dot system includes the total charging energy cost, which
is given by:
Hcharging =
e2
2C
(
N −
CVg
e
)2
(8)
where C is the total capacitance of the double dot system.
Fig.5 shows a schematic diagram illustrating the even-
odd effect. Fig.5(a) depicts the case with no interlayer
coherence due to either a large interlayer separation or an
extremely small single-particle tunneling gap. Fig.5(b)
shows that, in the low tunneling limit, due to interlayer
coherence, the odd N system acquires an energy split-
ting between the symmetric (|φ+〉) and antisymmetric
(|φ−〉) superposition of | + 1/2〉 and | − 1/2〉, which is
∆x. On the other hand, the ground state energy of the
even N system decreases by only 2∆˜2x/Ec for small t,
where ∆˜x = t〈0|Sˆx|1〉, and Ec is the energy difference
between |Sz = 0〉 and |Sz = 1〉. As a result, the dis-
tance between conductance peaks will oscillate between
e2/C + (∆x − 2∆˜
2
x/Ec) and e
2/C − (∆x − 2∆˜
2
x/Ec) as
a function of eVg. A large tunneling gap will eventually
destroy the even-odd effect because all electrons will oc-
cupy the interlayer-symmetric state. This will mix states
with different Sz , thereby destroying our two-level sys-
tem. Both large and zero tunneling will therefore lead
to evenly spaced Coulomb blockade peaks whereas the
even-odd effect will show up for weak (but finite) tunnel-
ing.
We emphasize that our predicted even-odd effect is the
precise quantum Hall analog of the Josephson effect in
the Cooper pair box problem. It is important to note
that the number of Cooper pairs in superconductors can
be formally mapped to Sz in our coherent bilayer quan-
tum Hall system. Therefore, the coherent linear combi-
nation of superconducting states with different numbers
of Cooper pairs ,which leads to the Josephson effect, is
precisely analogous to the linear combination of bilayer
quantum Hall states with different Sz, which is the origin
of our even-odd effect.
In conclusion, we have proposed an even-odd effect in
tunneling conductance through veritcally coupled dou-
ble quantum dots in the quantum Hall regime, which is
the direct analog of the Josephson effect in mesoscopic
superconducting grains.
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FIG. 1. Coulomb interaction energy as a function of Sz
which is half the relative electron number difference between
different layers. The layer separation is chosen to be d/a = 1
where we define a = lB(1+4ω
2
0/ω
2
c )
−1/4, the magnetic length
lB =
√
~c/eB, and the cyclotron frequency ωc = eB/m
∗c.
ω0 is the frequency of the confining potential. The state with
angular momentumMz = 21, is the maximum density droplet
state for N = 7.
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FIG. 2. Energy spectrum as a function of total angular
momentum, Mz, in the Hilbert space of Sz = 1/2. Note that
the energy in the graph is a sum of the Coulomb interaction
energy and the confining potential energy: E = VCoul + γMz
where γ = ~
2
(√
ω2c + 4ω
2
0 − ωc
)
. In the graph, we have cho-
sen γ = 0.1187e2/ǫa which gives us the largest possible gap.
The arrows indicate the three lowest energies.
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FIG. 3. The lowest three energy gaps as a function of in-
terlayer separation d/a. The lowest three excitations are cat-
egorized as follows: (i) ∆Mz = +1 (the edge excitation), (ii)
∆Mz = 0 and (iii) ∆Mz = −1 (the internal excitation). The
energy gap is given by: ∆E = ∆VCoul + γ∆MZ where γ is
defined as in Fig. 2.
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FIG. 4. Interlayer coherence in the limit of zero tunneling
as a function of interlayer separation d/a. |4, 3〉 represents the
lowest energy state with 4 (3) electrons in the top (bottom)
layer for a seven electron system, which can be alternatively
denoted by |Sz = +1/2〉. |3, 4〉 (|Sz = −1/2〉) is similarly
defined.
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FIG. 5. Schematic diagram illustrating the even-odd effect
in bilayer quantum Hall dots. The total energy including the
charging energy is plotted as a function of CVg/e where Vg is
the gate voltage and C is the capacitance of the whole bilayer
system. 〈N〉 is the average number of electrons inside double
quantum dots. Fig.5(a) depicts the situation where there is
no interlayer coherence. | + 1/2〉 ( | − 1/2〉 ) represents the
degenerate set of low energy states with Sz = 1/2 (−1/2).
It is shown in Fig.5(b) that, due to the interlayer coherence,
the odd N system acquires an energy splitting between the
symmetric (|φ+〉) and antisymmetric (|φ−〉) superposition of
|+ 1/2〉 and | − 1/2〉 , which is ∆x.
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